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[1] During magnetic storms, relativistic electrons execute nearly circular orbits about the
Earth and traverse a spatially confined zone within the duskside plasmapause where
electromagnetic ion cyclotron (EMIC) waves are preferentially excited. We examine the
mechanism of electron pitch-angle diffusion by gyroresonant interaction with EMIC
waves as a cause of relativistic electron precipitation loss from the outer radiation belt.
Detailed calculations are carried out of electron cyclotron resonant pitch-angle diffusion
coefficients Daa for EMIC waves in a multi-ion (H
+, He+, O+) plasma. A simple
functional form for Daa is used, based on quasi-linear theory that is valid for parallel-
propagating, small-amplitude electromagnetic waves of general spectral density. For
typical observed EMIC wave amplitudes (1–10nT ), the rates of resonant pitch-angle
diffusion are close to the limit of ‘‘strong’’ diffusion, leading to intense electron
precipitation. In order for gyroresonance to take place, electrons must possess a minimum
kinetic energy Emin which depends on the value of the ratio (electron plasma frequency/
electron gyrofrequency); Emin also depends on the properties of the EMIC wave spectrum
and the ion composition. Geophysically interesting scattering, with Emin comparable to
1 MeV, can only occur in regions where (electron plasma frequency/electron
gyrofrequency) 10, which typically occurs within the duskside plasmapause. Under such
conditions, electrons with energy 1 MeV can be removed from the outer radiation belt
by EMIC wave scattering during a magnetic storm over a time-scale of several hours to a
day. INDEX TERMS: 2716 Magnetospheric Physics: Energetic particles, precipitating; 2772
Magnetospheric Physics: Plasma waves and instabilities; 2471 Ionosphere: Plasma waves and instabilities;
2730 Magnetospheric Physics: Magnetosphere—inner; KEYWORDS: relativistic electrons, magnetic storms,
EMIC waves, electron precipitation, outer radiation belt, strong diffusion scattering
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1. Introduction
[2] Observations of electromagnetic ion cyclotron (EMIC)
waves in the frequency range of 0.1–5.0 Hz in the Earth’s
magnetosphere have been reported in a number of studies,
e.g., see Anderson et al. [1992a, 1992b], Fraser et al. [1992,
1996], Bra¨ysy et al. [1998], Erlandson and Ukhorskiy
[2001], and Fraser and Nguyen [2001]. A main source of
free energy for the excitation of magnetospheric EMIC
waves is the anisotropic distribution of ring current hydrogen
(H+) ions produced by Earthward ion convection from the
magnetotail during magnetic storms or substorms [e.g.,
Cornwall et al., 1970; Kozyra et al., 1997; Jordanova et
al., 2001]. EMIC waves are preferentially excited in a
spatially localized zone along the high-density duskside
plasmapause, as a result of reduced resonant energy [Corn-
wall et al., 1970; Perraut et al., 1976; Horne and Thorne,
1993, 1994] and wave guiding by steep density gradients
near the plasmapause [Thorne and Horne, 1997; Kozyra et
al., 1997; Jordanova et al., 1998, 2001]. Although EMIC
waves are present even during relatively quiet geomagnetic
conditions, the waves occur most frequently and are most
intense during magnetic storms [Bra¨ysy et al., 1998; Erland-
son and Ukhorskiy, 2001], with typical wideband wave
amplitudes in the range 1–10nT. EMIC waves occur in three
distinct bands below the hydrogen (H+), helium (He+), and
oxygen (O+) ion gyrofrequencies, the excited band(s) being
controlled by the ion composition [e.g., Horne and Thorne,
1994], the level of geomagnetic activity [Bra¨ysy et al., 1998],
and the location relative to the plasmapause [Fraser and
Nguyen, 2001].
[3] Early theoretical studies by Thorne and Kennel
[1971] and Lyons and Thorne [1972] considered the process
of resonant pitch-angle scattering by EMIC waves in a
simple H+, e plasma for inducing relativistic electron pre-
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cipitation during the main phase of a magnetic storm. Such
gyroresonant pitch-angle scattering was also discussed as a
potential mechanism for intense relativistic electron precip-
itation from the Earth’s outer radiation belts [Thorne, 1974;
Thorne and Andreoli, 1980]. More recently, using data from
balloon-borne X-ray instruments, Foat et al. [1998], Lor-
entzen et al. [2000], and Millan [2002] have reported
terrestrial X-ray bursts from the duskside region of the
outer magnetosphere, consistent with bremsstrahlung emis-
sion from highly energetic (1.0 MeV) precipitating elec-
trons. These X-ray observations have been interpreted as an
energy selective precipitation of ambient relativistic elec-
trons due to pitch-angle scattering by gyroresonance with
EMIC waves. Horne and Thorne [1998] calculated mini-
mum electron energies for cyclotron resonant interaction
with various electromagnetic wave modes. In particular,
Horne and Thorne [1998] calculated the minimum electron
energies for cyclotron resonance with EMIC waves in a
multi-ion (H+, He+, O+) plasma for stormtime conditions
both inside and outside the plasmapause. Summers et al.
[1998, 2001] developed a relativistic theory of wave-par-
ticle gyroresonant diffusion for application to the magneto-
sphere. Summers et al. [1998] demonstrated that electrons in
gyroresonance with EMIC waves are subject essentially to
pure pitch-angle diffusion.
[4] Satellite observations have revealed that the flux of
relativistic (1.0 MeV) electrons in the outer radiation belt
(3 < L < 7) generally decreases rapidly during the (several
hour) onset phase of a magnetic storm. Approximately 25%
of storms result in a net loss of the relativistic electron
population (G. D. Reeves et al., Acceleration and loss of
relativistic electrons during geomagnetic storms, submitted
toGeophysical Research Letters, 2003), while 50% of storms
exhibit a gradual recovery over a few days, often to flux
values exceeding the prestorm level by as much as two orders
of magnitude. To account for the recovery phase increase,
Summers et al. [1998] proposed a model, further developed
by Summers and Ma [2000a] that incorporates rapid electron
pitch-angle scattering induced by resonant interaction with
EMIC waves near the duskside plasmapause and electron
stochastic acceleration by cyclotron resonance with whistler-
mode chorus outside the plasmasphere. In the present paper,
we reexamine the mechanism of pitch-angle scattering of
electrons by cyclotron resonance with EMIC waves and
quantify the efficiency of the mechanism for inducing rela-
tivistic electron precipitation losses in a multi-ion plasma
during the various stages of a magnetic storm. As well as
stochastic acceleration by whistler-mode turbulence, other
physical mechanisms have been proposed for explaining the
generation of stormtime relativistic electrons, though dis-
cussion of these is beyond the scope of the present paper. For
descriptions of other proposed acceleration mechanisms and
discussion of the associated issues, the reader is referred to Li
et al. [1993, 1997], Elkington et al. [1999], Summers and Ma
[2000a, 2000b],Hudson et al. [2001], Li and Temerin [2001],
Friedel et al. [2002], andMeredith et al. [2002]. The point we
emphasize here is that most published models of stormtime
electron acceleration do not include electron losses. We
contend that a quantitative treatment accounting for the
processes governing relativistic electron losses from the
radiation belts via precipitation is fundamental to under-
standing radiation belt dynamics, particularly at relativistic
energies. In addition, precipitating relativistic electrons act as
a coupling mechanism between the magnetosphere and the
Earth’s middle atmosphere and can alter the chemical com-
position of the stratosphere and mesosphere [e.g., Thorne,
1977; Callis et al., 1998]. Relativistic electron precipitation
might therefore provide an important Sun-geospace link
connecting solar activity with global climate variability.
[5] In this paper we carry out detailed calculations of
rates of pitch-angle diffusion Daa due to electron cyclotron
resonance with EMIC waves under magnetic storm con-
ditions. In the following section we present the dispersion
relations for EMIC waves in a multi-ion (hydrogen, helium,
oxygen) plasma, and, for comparison, in a simple electron-
proton plasma. The relativistic Doppler condition for gyro-
resonant interaction between electrons and electromagnetic
waves is given in section 3, and minimum kinetic energy
curves for electrons in resonance with EMIC waves are
constructed for varying plasma parameters and ion compo-
sition. In section 4 we derive a simple generic formula for
the rate of pitch-angle diffusion Daa for electrons in
resonance with parallel-propagating (R-mode or L-mode)
electromagnetic waves of arbitrary spectral density. The
formula is applied to (L-mode) EMIC waves with a Gaus-
sian frequency spectrum and specified by the dispersion
relations given in section 2. Plots of the corresponding
pitch-angle diffusion coefficient Daa are presented in sec-
tion 5 for representative plasma parameters. The pitch-angle
diffusion coefficients Daa are found to depend strongly on
the spectral properties of the waves and on the ion compo-
sition, as well as the local plasma density and magnetic
field. For EMIC waves with amplitudes 1nT the rates of
relativistic electron pitch-angle diffusion approach the
strong diffusion limit, as defined by Kennel and Petschek
[1966]. Such scattering results in intense and spatially
confined relativistic electron precipitation. Significant loss
can occur over many electron drift orbits or several hours. In
section 6, as well as commenting on our conclusions, we
briefly consider limitations of the present study. We also
point to the need for future studies to quantify more
accurately the important process of pitch-angle scattering
of relativistic electrons by EMIC waves.
2. Dispersion Relations
[6] The linear theory of electromagnetic waves in a cold,
uniform plasma is given in standard texts [e.g., Stix, 1992].
The dispersion relation for (L-mode) EMIC waves prop-
agating parallel to a (uniform) background magnetic field in
a multi-ion (H+, He+, O+) plasma is
c2k2
w2
¼ 1 w
2
pe
w wþ jejð Þ 
X3
j¼1
w2pj
wðw jÞ ; ð1Þ
where the suffix j denotes the ion species; the values j = 1,
2, 3 refer to hydrogen (H+), helium (He+), and oxygen (O+),
respectively. Here, w is the wave frequency, k is the wave
number in the direction of propagation, and c is the speed of
light; jej = eB0/(mec) is the electron gyrofrequency, and
wpe = (4pN0e
2/me)
1/2 is the electron plasma frequency,
where B0 is the magnetic field strength, e is the electron
charge, me is the electron rest mass, and N0 is the electron
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number density; j = qjB0/(mjc) is the ion gyrofrequency
and wpj = (4pNjqj2/mj)1/2 is the ion plasma frequency, where
q1 = q2 = q3 = e, m1 = mp, m2 = 4mp, and m3 = 16mp, with mp
mp the proton rest mass. The ion number densities N1, N2,
N3 satisfy the condition N1 + N2 + N3 = N0, by assumption
of plasma charge neutrality. Equation (1) can be written in
the nondimensional form
1
u2
¼ 1 1
a*x
1
1þ xþ
h1
x 1þ
h2
4x 1þ
h3
16x 1 ;
 
ð2Þ
where u = w/(kc) is the dimensionless wave phase speed and
x = w/1 the dimensionless wave frequency, with 1 = Hþ
the proton gyrofrequency; and  = me/mp. The fractional
composition of the ion species, given by h1 =N1/N0, h2 =
N2/N0, h3 = N3/N0, is such that h1 + h2 + h3 = 1. In equation
(2) we have introduced the nondimensional parameter
a* ¼ 
2
e
w2pe
¼ 1

V 2A
c2
¼ B
2
0
4pN0
 1
mec2
; ð3Þ
where B20/(8pN0) can be regarded as the magnetic energy per
particle, and VA = B0/(4pN0mp)
1/2 is the Alfven speed for an
electron-proton plasma. The dispersion relation correspond-
ing to the special case of an electron-proton plasma is ob-
tained from equation (2) by setting h1 = 1 and h2 = h3 = 0;
the result is
u2 ¼ a*ð1þ xÞð1 xÞ
a*ð1þ xÞð1 xÞ þ 1þ  : ð4Þ
[7] The parameter a*, which plays an important role in
cold plasma theory, depends on the background magnetic
field strength B0 and the electron number densityN0. Figure 1
shows the variation of a* in the Earth’s inner magneto-
sphere, against geocentric distance L = r/RE in the equatorial
plane, with the dayside to the left. The figure was con-
structed by using electron number densities from the global
core plasma model of Gallagher et al. [2000] and magnetic
field values from a modified version T89c of the Tsyga-
nenko [1989] magnetic field model. The solid, dotted, and
dashed curves correspond to the respective values of the
geomagnetic activity index Kp = 1, 3, and 5. These curves
demonstrate the well-known contraction in size of the
plasmasphere with increasing magnetic activity. The mag-
netic local time asymmetry of the plasmapause and the
formation of an asymmetric ring current (which lowers the
value of B0) during storm conditions can lead to lower a*-
values in the duskside plasmapause compared with quiet-
time values. We therefore consider the range 103 	 a* 	
102 to be representative of a*-values in or near the
equatorial plane, just inside the Earth’s plasmapause, or
within detached high-density plasma regions.
[8] In Figure 2 we present the EMIC wave dispersion
curves (2) for an ion composition h1 = 0.75, h2 = 0.2, h3 =
0.05, and the two cases a* = 103, 102; u2 is plotted
against w/3 = w/Oþ = 16x. We shall refer to the three
illustrated wave bands, defined over the respective fre-
quency ranges 0 < w < Oþ , Heþ < w < Heþ , and wHþ <
w < Hþ , as the oxygen, helium, and hydrogen bands. The
frequencies wHeþ and wHþ are the respective cut-off fre-
quencies for helium and hydrogen, defined as the frequen-
cies where the refractive index n(=1/u) vanishes. Field-
aligned wave propagation is not possible in the stop-bands
specified by Oþ 	 w 	 wHeþ and Heþ 	 w 	 wHþ .
Comparison of the upper and lower panels of Figure 2
reveals a general reduction in the wave phase speed u as the
value of the parameter a* is reduced. This is significant
with respect to the calculation of minimum resonant ener-
gies, as we discuss in the following section.
3. Electron Resonant Energy
[9] The relativistic Doppler condition for gyroresonance
between electrons and electromagnetic waves of frequency
w and parallel wave number k is
w kvk ¼ N jej=g ð5Þ
where g = (1  v2/c2)1/2 is the Lorentz factor, v = (vk2 +
v?
2 )1/2 is the electron speed, and vk and v? are the electron
velocity components in the plasma frame parallel and
perpendicular to the ambient magnetic field, respectively; N
Figure 1. Profiles of the plasma parameter a* = e
2/wpe
2 versus geocentric radial distance along the solar
magnetic x-axis, constructed from empirical data. The solid, dotted, and dashed curves represent
successively higher levels of geomagnetic activity for Kp = 1, 3, and 5, respectively. The minimum value
of a*, which characterizes the plasmapause, is important to the present study.
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is the cyclotron harmonic which, in principle, takes on all
integer values (0, ±1, ±2, . . .). Since we are here considering
parallel propagating L-mode EMIC waves, only the value
N = 1 is relevant. Points (vk, v?) satisfying condition (5),
for a given frequency w, can be plotted in velocity (vk, v?)
space, and are found to lie on part of a semiellipse in the
upper half-plane (v?  0). Thus an electron will be in
resonance with a given wave if its velocity components lie
on this ‘‘resonance ellipse.’’ In general, the kinetic energy
Ek of an electron in units of its rest energy mec
2 is E = Ek/
(mec
2) = g  1. The minimum value of E (for N = 1)
occurs at v? = 0, when vk = (vk)m, the maximum value of vk.
Specifically, we find that the minimum energy of an
electron (in units of mec
2) for gyroresonant interaction with
EMIC waves is
Emin ¼ gmin  1 ¼ 1 vk
 2
m
=c2
h i1=2
1; ð6Þ
where
vk
 
m
c
¼ u½
2x2 þ 2x2 þ u2ð1 2x2Þ 	1=2
2x2 þ u2 : ð7Þ
In equation (7), x = w/Hþ , as defined above, and the phase
speed u is given by the dispersion equation (2) or (4), as
desired. Expressed in terms of practical units, result (6)
gives the minimum resonant energy of an electron as 0.512
Emin (MeV ), approximately.
[10] In Figure 3, the minimum resonant energy curves (6)
for a plasma with h1 = 0.75, h2 = 0.2, h3 = 0.05, are shown
for the two cases a* = 103, 102. The curves in Figure 3,
which may be compared with the corresponding dispersion
curves in Figure 2, demonstrate that (like the phase speed u)
the minimum resonant energy Emin decreases as the param-
eter a* decreases. Clearly, the electron minimum resonant
energies are critically dependent on the wave frequency and
on the local values of the electron number density N0 and
background magnetic field B0 via the parameter a*. The
Figure 3. Profiles of minimum kinetic energy Emin, given
by equation (6) (using equations (7) and (2)), that an electron
must possess for gyroresonant interaction with EMIC waves.
The ion number densities are the same as in Figure 2.
Figure 2. Dispersion curves, given by equation (2), for
EMIC waves in a multi-ion plasma, u2 = w2/(kc)2 plotted
against the wave frequency w in units of the oxygen ion
gyrofrequency Oþ. The hydrogen (H
+), helium (He+), and
oxygen (O+) fractional ion number densities are respectively
h1 = 0.75, h2 = 0.2, and h3 = 0.05.
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minimum resonant energy curve for an electron-proton
plasma, given by equations (6), (7), and (4), is shown in
the lower panel of Figure 4 for the case a* = 103; the
upper panel shows the corresponding dispersion curve (4).
Compared with an electron-proton plasma, the presence of
heavy ions leads to lower resonant electron energies in the
oxygen band and higher energies in the hydrogen band. In
the helium band, resonant electron energies may be lower or
higher according to the corresponding changes in the wave
phase velocity (compare the upper panels of Figures 2 and
4). We defer consideration of the variation of Emin with the
ion composition (h1, h2, h3) until section 5.
4. Pitch-Angle Diffusion Rates
[11] The scattering of charged particles by small-ampli-
tude, broadband electromagnetic waves may be treated by
quasi-linear diffusion theory, e.g., see Kennel and Engel-
mann [1966], Melrose [1980], and Steinacker and Miller
[1992]. Description of such wave-particle interactions
involves solution of a kinetic equation for the particle
distribution which contains diffusion coefficients due to
cyclotron-resonant interactions of the particles with a
prescribed spectrum of waves. Determination of expres-
sions for the diffusion coefficients is straightforward, but
their numerical evaluation can be involved, if multiple
wave resonances need to be taken into account. Jordanova
et al. [1996] calculated quasi-linear (pitch-angle, energy,
mixed) diffusion coefficients for particles resonating with
EMIC waves in a multi-ion plasma and applied the results
to ion precipitation losses from the ring current during
storms. In this paper we use a simple functional form for
the pitch-angle diffusion coefficient Daa that can be
deduced either from elementary arguments concerning
the change in pitch-angle a of a particle over its gyroper-
iod tg due to resonant scattering waves (using Daa 
(a)2/tg), or by simplification of explicit expressions
from formal quasi-linear theory given by Melrose [1980]
and Steinacker and Miller [1992]. We assume wave
propagation parallel to a uniform background magnetic
field and obtain the expression
Daa  jej
g
kW kð Þ
W0
; ð8Þ
where k is the resonant wavenumber; W(k) is the wave
magnetic field spectral density defined by
Wtot ¼
Z k2
k1
W kð Þdk; ð9Þ
where Wtot = (B)
2/8p is the total wave magnetic energy
density; W0 = B0
2/8p is the background magnetic field
energy density; and g is the Lorentz factor. The resonant
wavenumber k in (8) is given by
ck
jej ¼
1
pjcosaj ; ð10Þ
where p = gv/c is the normalized electron momentum and
a = tan1(v?/vk) is the electron pitch-angle. Relation (10) is
a reexpression of the gyroresonance condition (5) with the
w-term omitted, and jNj = 1. Omission of the w-term is
justified if w/j ej  1, a condition which is well satisfied
for EMIC waves since for these waves w/Hþ < 1. We note
that result (8) for the pitch-angle diffusion coefficent of Daa
is generic in the sense that it is valid, subject to a
nondimensional factor of order unity on the right-hand side,
for parallel-propagating small-amplitude (R mode or L
mode) electromagnetic waves of general spectral density W.
It is convenient to express the reduced gyroresonance
condition (10) in the form
E E þ 2ð Þcos2a ¼ 
2
e
c2k2
ð11Þ
for which we have used the relation p2 = E(E + 2). Since we
are considering a waveband with wavenumbers in the range
Figure 4. The upper curve is the dispersion curve, given
by equation (4), for EMIC waves in an electron-proton
plasma; the lower curve is the corresponding profile of the
minimum kinetic energy of an electron for gyroresonance
with EMIC waves, given by equation (6) (using equations
(7) and (4)).
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k1 	 k 	 k2, it follows from equation (11) that electrons in
resonance with the waves have kinetic energy E and pitch-
angle a restricted by the condition
2e
c2k22
	 EðE þ 2Þcos2a 	 
2
e
c2k21
: ð12Þ
Therefore defining
E1 ¼ 1þ 
2
e
c2k21
 1=2
1;E2 ¼ 1þ 
2
e
c2k22
 1=2
1 ð13Þ
and
a1 ¼ cos1 jej
ck1
 1
E E þ 2ð Þ½ 1=2
 !
;
a2 ¼ cos1 jej
ck2
 1
E E þ 2ð Þ½ 1=2
 ! ð14Þ
we deduce from equation (12) the following results: (1) If
E < E2, then no wave-particle resonance is possible. (2) If
E2 < E < E1, then resonance takes place over pitch-angles
in the range 0 	 a 	 a2. (3) If E > E1, then resonance
takes place over pitch-angles in the range a1 	 a 	 a2.
These results are useful in the construction of the curves
for the pitch-angle diffusion coefficients below. The
minimum resonant energy E2 is an approximation to the
value Emin (defined by (6)), when the full resonance
condition (5) is replaced by the reduced resonance
condition (10). In the case of EMIC waves, E2 is a very
good approximation to Emin.
[12] It is convenient to transform from wavenumbers over
the range k1	 k	 k2 to wave frequencies over the range w1	
w 	 w2. Writing
Z k2
k1
W kð Þdk ¼
Z w2
w1
W k wð Þð Þ dk
dw
dw ¼
Z w2
w1
~W wð Þdw ð15Þ
where k1 = k(w1) and k2 = k(w2), we find that equation (8)
can be written
Daa jej
gW0
 2k
2 ~W
wð Þ
d
dw
k2
  ð16Þ
where, in equation (16), k2 is a specified function of w
obtained from the wave dispersion relation, and ~W is the
wave frequency spectrum.
[13] A Gaussian frequency spectrum is assumed, namely,
~W ðwÞ/ exp  w wmð Þ=dw½ 2
n o
; ð17Þ
where wm is the center frequency, with w1 = wm  dw and
w2 = wm + dw. Then equation (16) becomes
Daa jej
g
 R
ndw
 2k
2
d
dw
k2ð Þ e
 wwmð Þ=dw½ 2 ; ð18Þ
where
R ¼ Wtot
W0
¼ 4Bð Þ
2
B20
ð19Þ
is the ratio of the turbulent wave energy to the background
magnetic field energy; the parameter n, which is given by
n =
ffiffiffi
p
p
erf (1) (1.49), where erf is the error function,
arises from the normalization of ~W .
[14] In order to calculate Daa for EMIC waves in a multi-
ion plasma, we evaluate equation (18) using the dispersion
relation (2) to obtain
Daa jej
E þ 1ð Þ 
2R
ndx
 a*x
2  Y
2a*x Z
 
e xxmð Þ=dx½ 
2
; ð20Þ
where
Y ¼ x 1
1þ xþ
h1
x 1þ
h2
4x 1þ
h3
16x 1
 
;
Z ¼ 1ð1þ xÞ2 
h1
ðx 1Þ2 
h2
4x 1ð Þ2 
h3
ð16x 1Þ2 ;
xm ¼ wm=Hþ ; dx ¼ dw=Hþ ;
ð21Þ
and, as above, x = w/Hþ . Associated with formula (20) is
the expression for the resonant pitch-angle, obtained from
equation (11), which is
cosa ¼ E E þ 2ð Þ 2x2  
a*
Y
 h i1=2
: ð22Þ
[15] To plot Daa as a function of a, for a given value of
E, we use the above results concerning the pitch-angles over
which resonance takes place, which involve the energies E1
and E2 defined by equation (13) and proceed as follows.
First, we set values for the basic input parameters, i.e., jej,
R, a*, h1, h2, h3, w1, and w2; note that the parameters wm =
(w1 + w2)/2 and dw = (w2  w1)/2 are thereby specified. We
then calculate E1 and E2 from equations (13) and (1). For
E > E1, we choose a desired value of E, and set w = w2 (or,
equivalently, x = w2/Hþ ) in equations (22) and (20). This
yields the value of Daa at the pitch-angle a2 (defined by
equation (14)). In accord with result (3) (following equation
(14)), we then calculate a and Daa from equations (22) and
(20) for a chosen set of decreasing frequencies as far as the
frequency w1, which corresponds to the pitch-angle a1 (also
defined by equation (14)). Thus a plot of Daa against a is
constructed by treating equations (20) and (22) as para-
metric equations with parametric variable x. For E2 < E <
E1, the plotting procedure is similar, but must be modified,
in accord with result (2). In this case, for a chosen value of
E the plotting is initiated at w = w2, corresponding to a2,
proceeds with a chosen set of decreasing frequencies, but
terminates when a = 0, which corresponds to the frequency,
say w3(>w1), at which the right-hand side of equation (22) is
unity.
[16] For the simpler case of EMIC waves in an electron-
proton plasma, we evaluate the cyclotron-resonant pitch-
angle diffusion coefficient Daa given by equation (18)
SMP 2 - 6 SUMMERS AND THORNE: RELATIVISTIC ELECTRON SCATTERING BY EMIC WAVES
using an approximated form of the dispersion relation (4),
namely
u2 ¼ a* 1 xð Þ: ð23Þ
The result is
Daa  jej
E þ 1ð Þ 
2R
ndx
 x 1 xð Þð2 xÞ e
 xxmð Þ=dx½ 2 ; ð24Þ
with
cosa ¼ 1
x
a* 1 xð Þ
E E þ 2ð Þ
 1=2
; ð25Þ
where all symbols are as previously defined. Once the basic
input parameters, jej, R, a*, w1, and w2, are prescribed,
construction of plots of Daa as a function of a, from (24)
and (25), proceeds as outlined above for a multi-ion plasma.
[17] Equation (20) provides a simple analytical expres-
sion for the scattering rate of relativistic electrons by EMIC
waves in a multi-ion plasma environment. The analysis is
strictly only valid for the case of first-order cyclotron
resonance with field-aligned waves. For the general case
of oblique wave propagation, higher-order scattering can
also occur, but for moderate angles of propagation the first-
order resonance will dominate, especially at energies just
above the minimum resonant value and for pitch-angles
near the loss cone. A full quasi-linear analysis of the
scattering rate of relativistic electrons was originally per-
formed by Lyons and Thorne [1972] for the case of oblique
EMIC waves in an electron-proton plasma. Figure 5 shows
the local diffusion rate obtained from equation (24) using
the equatorial plasma and wave parameters employed by
Lyons and Thorne [1972], namely a* = 2.3  103, B =
1nT, wm = Hþ /3, and dw = Hþ /6. The results of Lyons and
Thorne [1972] were averaged over the bounce orbit of the
electrons, which resulted in an order-of-magnitude reduc-
tion in the bounce averaged rates of scattering compared to
local equatorial values. However, apart from this important
difference, the simple first-order scattering results obtained
from equation (24) provide an excellent representation of
the energy and pitch-angle dependence for the quasi-linear
diffusion rates. We therefore feel confident in using our
simple formula (20) to investigate the values of Daa (E, a)
in a multi-ion plasma.
[18] It is useful to compare the magnitudes of the pitch-
angle diffusion coefficients Daa for electrons scattered by
EMIC waves with the ‘‘strong’’ pitch-angle diffusion rate as
defined by Kennel [1969]. The mean lifetime or precipita-
tion time tSD of particles under ‘‘strong’’ pitch-angle
diffusion has been calculated by Lyons [1973] and further
refined by Schulz [1974]. For a small equatorial loss cone of
half-angle a0, the result can be written
tSD  64LRE
35 1 Að Þva20
; ð26Þ
where v is the particle speed, L is the magnetic shell
parameter, RE is the radius of the Earth, and A is the particle
albedo from the atmosphere at either foot of the magnetic
field line. The condition for strong diffusion is that D0 
a0
2/tB, where D0 is the bounce-averaged value of the pitch-
angle diffusion coefficient Daa, at a = a0, and tB is the
quarter-bounce time for particles with zero pitch-angle.
Thus under strong diffusion, particles diffuse across the loss
cone in less than a quarter-bounce period, and the particle
flux within the loss cone approaches isotropy. Moreover,
the particle precipitation rate is then insensitive to the
magnitude of the diffusion coefficient. For a dipole magnetic
field the loss cone size at LRE is given approximately by
a0 = L
3/2(4  3/L)1/4. Taking A = 0.25, and defining the
rate of strong pitch-angle diffusion as DSD = 1/tSD, we
obtain from equation (26) the expression
DSD  966
L4
4L
4L 3
 1=2
E E þ 2ð Þ½ 1=2
E þ 1ð Þ s
1 : ð27Þ
In Figure 6 we show plots of DSD for electrons of a specified
energy E, as a function of L. DSD is a monotonically
decreasing function of L and is essentially independent of E
for energies exceeding 1 MeV. We compare our results for
Daa with corresponding values of DSD in the following
section.
5. Results and Discussion
[19] The densities of the major ion species, H+, He+, and
O+, in the inner magnetosphere (L < 7) are dependent on
magnetic local time (MLT), L-value, latitude, and geo-
magnetic and solar activity [Young et al., 1977, 1982;
Craven et al., 1997]. The helium (He+) composition is solar
cyclic and MLT dependent, while the oxygen (O+) compo-
sition is solar cyclic and geomagnetic activity dependent.
The fractional helium density h2 typically varies from 0.02
to 0.1 during solar minimum, from 0.05 to 0.25 during solar
Figure 5. Pitch-angle diffusion coefficient Daa, given by
equation (24), corresponding to EMIC waves in an electron-
proton plasma with amplitude B = 1nT and Gaussian
frequency spectrum with center wm = Hþ /3 and semi-band-
width dw = Hþ /6; L = 4.
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maximum, and can reach 0.3 as an extreme value. The
fractional oxygen density h3 typically varies from 0.01 to
0.1 over the solar cycle and reaches extreme values near
0.25 during intense magnetic storms. The fractional ion
densities h1, h2, and h3 affect the EMIC wave phase speed
through the dispersion relation (2) and hence affect the
electron minimum resonant energy Emin given by equation
(6). Emin also decreases as the wave frequency increases
towards the gyrofrequency in each wave band (Figure 3).
[20] In Figure 7 we show the results of a comprehensive
examination of the variation of Emin with h1, h2, and h3 for
reasonable (but optimum) values of the wave frequency in
each propagation band. The figure also shows the depend-
ence of Emin on the cold-plasma parameter a* given by
equation (3). The upper, middle, and lower panels of Figure
7 refer to the hydrogen (H+), helium (He+), and oxygen (O+)
bands, respectively. For each band, we find that Emin
depends significantly on the fractional density of the ion
that specifies the band but is weakly dependent on the other
two fractional ion densities (e.g., for the H+ band, Emin
varies significantly with h1, but is weakly dependent on h2
and h3). Therefore we show the variation of Emin with the
respective fractional densities h1, h2, and h3 in the upper,
middle, and lower panels of Figure 7. For the H+ band, we
set w/Oþ = 11,h2 = 2h3, and let h1 vary from 0.7 to 1. Thus
in this case, 0 	 h2 	 0.2 and 0 	 h3 	 0.1. For the He+
band, we set w/O^þ = 3.5, and specify the ion densities by
0.65 	 h1 	 0.95, 0 	 h2 	 0.3, and h3 = 0.05. For the O+
band we set w/Oþ = 0.95 and specify the ion densities by
0.65 	 h1 	 0.9, h2 = 0.1, and 0 	 h3 	 0.25. Notably, Emin
decreases as the fractional composition increases for the ion
that specifies the band, and for specified values of the ion
densities and frequency w, Emin decreases as a* decreases.
For each panel of Figure 7 the region lying between the
profiles corresponding to a* = 103 and a* = 102
specifies the typical range of minimum kinetic energies
for electrons in resonance with EMIC waves inside the
plasmapause, for the given values of wave frequency and
ion composition. Since the absolute value of Emin depends
Figure 7. Minimum electron kinetic energy curves for
gyroresonance with EMIC waves, given by equation (6), as
functions of the ion composition, for the specified values of
the wave frequency and parameter a*; h1, h2, and h3 are the
hydrogen (H+), helium (He+), and oxygen (O+) fractional ion
number densities respectively, with h1 + h2 + h3 = 1. The
specified frequencies in the upper, middle, and lower panels
typify the hydrogen, helium, and oxygen bands, respectively.
Figure 6. Strong pitch-angle diffusion coefficient DSD,
given by equation (27), as a function of L, for the specified
values of the electron kinetic energy E.
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sensitively on the adopted wave frequencies (Figure 3), one
should not draw definitive conclusions on the relative
importance of resonant scattering in the three propagation
bands until better observational information of the wave
spectral properties is available.
[21] Local rates of the pitch-angle diffusion Daa(E, a),
calculated from equation (20), are shown in Figures 8, 9,
and 10, respectively, for H+ band, He+ band, and O+ band
waves, in each case for the wave amplitudes B = 1nT, and
location L = 4. The parameters adopted for the H+ band
waves (h1 = 0.85, h2 = 0.1, h3 = 0.05, wm = 0.6Hþ , and
dw = 0.1Hþ ) are intended to characterize EMIC waves
excited during the sudden commencement phase of a
magnetic storm [e.g., Bra¨ysy et al., 1998]. For values of
a* between 103 (Figure 8, upper panel) and 102 (Figure
8, lower panel) the minimum energy E2 varies between 292
keV and 1.52 MeV. The ‘‘transition’’ energy E1 varies
between 860 keV and 3.55 MeV. The scattering rates shown
in Figure 8 represent optimum conditions for resonance at
the equator for each specified value of a*. For resonant
energies just above the minimum value E2 the scattering
rates maximize near the loss cone, while higher energy
electrons are scattered more effectively at larger pitch-angle.
As electrons execute their bounce (tB 	 1s) and azimuthal
gradient drift (tD 	 10 min) motions, the conditions for
gyroresonance with EMIC waves change. Rates of EMIC
wave scattering, over time-scales larger than the drift time
tD, should be averaged over both the electron bounce and
drift orbits. Resonant electron energies increase at higher
latitudes and the bounce-averaged scattering rates [e.g.,
Lyons and Thorne, 1972] near the loss cone are typically
an order of magnitude lower than the local equatorial values
shown in Figure 8. Nonetheless, for typical EMIC wave
Figure 8. Pitch-angle diffusion coefficient Daa, given by
equation (20), corresponding to hydrogen band EMIC
waves in a multi-ion plasma with amplitude B = 1nT, and
Gaussian frequency spectrum with center wm = 0.6Hþ and
semi-band-width dw = 0.1Hþ ; L = 4 and h1 = 0.85, h2 =
0.1, h3 = 0.05.
Figure 9. Pitch-angle diffusion coefficient Daa, given by
equation (20), corresponding to helium band EMIC waves in
a multi-ion plasma with amplitude B = 1nT and Gaussian
frequency spectrum with center wm = 3Oþ and semi-band-
width dw = 0.5Oþ ; L = 4 and h1 = 0.7, h2 = 0.2, h3 = 0.1.
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amplitudes (B > 1nT) observed near the duskside plasma-
pause [Fraser and Nguyen, 2001], bounce-averaged scatter-
ing rates near the loss cone should exceed the strong
diffusion level (Figure 6). Such rapid scattering will lead
to intense relativistic electron (1MeV) precipitation in
localized regions where the waves are present. The recent
X-ray observations of Millan [2002] and theoretical models
for the simulation of EMIC wave excitation during storm
conditions [Jordanova et al., 1998, 2001] suggest that the
region of rapid scattering is extremely localized and might
typically occur over 1% of the electron drift orbit. The drift-
averaged lifetime for trapped electron decay due to EMIC
scattering during the onset of a storm will therefore be tL 
100tSD or several hours, which is short enough to account
for the rapid removal of the relativistic electron population
in the outer radiation zone during the onset of a storm.
Rapid removal of electrons during the main phase of a storm
has hitherto been attributed to the so-called Dst effect [e.g.,
Kim and Chan, 1997; see also Li et al., 1997]. The
calculations reported in the present paper therefore show
that relativistic electron pitch-angle scattering by EMIC
waves can compete with the Dst effect as a mechanism
for depleting relativistic electrons from the outer zone
during the initial and main phases of a magnetic storm.
[22] Figure 9 shows local equatorial values of Daa(E, a)
corresponding to He+ band waves for parameters that typify
the main phase and recovery phase of a storm (h1 = 0.7, h2 =
0.2, h3 = 0.1, wm = 3Oþ , and dw = 0.5Oþ ). The scattering
rates in Figure 9 are slightly smaller than those in Figure 8,
and the typical minimum resonant energies E2 are higher,
namely 819 keV for a* = 103, and 3.4 MeV for a* =
102. The precise value of the resonant electron energies are
dependent on the assumptions made for the wave spectral
properties. Nevertheless, one may conclude that relativistic
electrons (E greater than a few MeV) can be removed by
He+ band scattering on a time-scale of several hours during
the main phase and recovery phase of a storm. Such EMIC
wave-induced precipitation could be responsible for the
hard X-ray events observed by Millan [2002] in the recov-
ery phase of a moderate storm.
[23] Scattering rates Daa(E,a) for O
+ band waves are
shown in Figure 10 for parameters representative of the
main phase of a storm (h1 = 0.6, h2 = 0.2, h3 = 0.2, wm =
0.9Oþ , and dw = 0.05Oþ ). Even for the extremely high
normalized frequencies adopted for these calculations, the
resonant electron energies in the O+ band are higher than
those in the He+ band (see Figure 9). Therefore the O+ band
waves, whenever present, will probably only affect the
extremely relativistic electron population.
[24] Several assumptions have been made in our analysis
to obtain simple analytical formulae for the rates of electron
scattering. The most severe is the assumption that the EMIC
waves propagate strictly parallel to the background mag-
netic field, which allows us to ignore the effects of higher
harmonic scattering. To justify this simplifying assumption,
we refer to the study of Lyons and Thorne [1972] who
found that the contribution from the first cyclotron har-
monic resonant scattering dominates, even for moderately
large angles of propagation. The expressions derived in the
present paper for Daa (E, a) are local values, and these
should be averaged over both the bounce motion [e.g.,
Lyons and Thorne, 1972] and the drift path of resonant
electrons to obtain realistic electron lifetimes. This requires
detailed knowledge of the power spectral intensity of EMIC
waves over the entire outer radiation zone throughout the
different phases of a storm. Such wave information is
currently unavailable, but will be required for a complete
analysis of the effects of EMIC wave scattering on rela-
tivistic electron dynamics during storms.
6. Concluding Remarks
[25] The concept of stormtime strong diffusion scattering
and rapid selected loss of relativistic electrons by EMIC
waves was first discussed by Thorne and Kennel [1971].
Detailed quasi-linear calculations of the bounce-averaged
diffusion rate in an electron-proton plasma [Lyons and
Thorne, 1972] demonstrated that electrons with energy above
Figure 10. Pitch-angle diffusion coefficient Daa, given by
equation (20), corresponding to oxygen band EMIC waves
in a multi-ion plasma with amplitude B = 1nT and
Gaussian frequency spectrum with center wm = 0.9Oþ and
semi-band-width dw = 0.05Oþ ; L = 4 and h1 = 0.6, h2 =
0.2, h3 = 0.2.
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1 MeV should be subject to strong diffusion scattering in
regions where strong (B  1nT) EMIC waves are present.
Since those early studies, the importance of the heavy ion
population on EMIC wave propagation and excitation has
been firmly established, but until the present study no attempt
has been made to apply electron-cyclotron resonant pitch-
angle diffusion rates for EMICwaves in amulti-ion plasma to
relativistic electron precipitation during storms.
[26] Our new results confirm that stormtime EMIC waves
can indeed cause strong diffusion precipitation of relativistic
(	1 MeV) electrons under appropriate conditions. The
predominant local condition required to lower electron
resonant energies to geophysically interesting values is a
suitably low value of the parameter a* = e
2/wpe
2 . Typically,
a* = 103 is sufficient to ensure minimum electron resonant
energies of 	1 MeV. Such conditions are only found in
regions of high plasma density and low magnetic field, such
as the duskside plasmasphere or within detached plasma
regions at high L-values. A second important condition
required to lower electron resonant energies close to 1 MeV
is the presence of EMIC waves at frequencies approaching
the ion gyrofrequency in any of the propagation bands. A
third condition to lower electron resonant energies in the
He+ and O+ bands is enhanced concentrations of heavy ions
which occur during solar maximum conditions and during
geomagnetic storms. If one or more of these conditions
hold, then relativistic electrons can be removed from the
outer zone by EMIC wave scattering over a time-scale of
several hours to a day.
[27] We have carried out detailed calculations of the pitch-
angle diffusion coefficient Daa for cyclotron resonant inter-
action between electrons and EMIC waves in a multi-ion
(H+, He+, O+) plasma using plasma and wave parameters
characteristic of storm conditions. We have demonstrated
that the pitch-angle scattering by EMIC waves can provide
an efficient mechanism for the loss of relativistic electrons
from the Earth’s outer radiation belt during different phases
of a magnetic storm. Localized regions of intense relativistic
electron precipitation should be observed predominantly in
the dusk sector [e.g., Millan, 2002] where the EMIC wave
scattering is most effective. Future detailed modeling of the
power spectral density of EMIC waves as a function of
location and geomagnetic activity, together with calculations
of the bounce and drift averaged rates of scattering for all
harmonic resonances, will be required to quantify fully the
importance of such scattering on the loss of outer-zone
relativistic electrons. Other wave modes can contribute to
the scattering and their effects will also need to be included
in future modeling of relativistic electron dynamics during
storms.
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